Underreporting of HIV/AIDS cases is a common problem in HIV epidemiology which often skews epidemiologic projections on which public health policy decisions are often based, especially in the cases of low HIV prevalence countries or in early phases of an emerging epidemic when the HIV incidence is still low, but might be growing rapidly.
Introduction
Due to rapid advances in recent years, treatment of human immunodeficiency virus (HIV) infection is associated with high treatment and care costs and subject to large differences in prevalence between different areas of the world. Equitable distribution of resources requires precise information on HIV prevalence in specific regions. However, underreporting of the number of HIV or Acquired Immunodeficiency Syndrome (AIDS) cases is a common problem in HIV epidemiology which often skews epidemiologic projections on which public health policy decisions are to be made. The problem is especially severe in the cases of third world countries [4] , or hard-to-reach populations (intravenous drug users, sex workers, etc.) where the population sizes are unknown [7] . The cause for underreporting could vary widely in different settings. It could be social-political as one must deal with specific high-risk groups in Europe and North America, or economical as the inadequacy of health service systems in the developing countries confound the true scope of the epidemic. But one thing is certain: the old problem still persists in the new millennium, as the recent developments in South Africa and China can attest to.
HIV and AIDS surveillance systems are most often used to estimate the size of underreporting in HIV and AIDS cases [5] . Others make use of more detailed HIV information such as infection rate and behavior surveys to estimate HIV prevalence [13] . Moreover, in low-prevalence countries or during early phases of an emerging HIV epidemic, small samples of HIV incidence often produce unreliable estimates of total prevalent infections. However, early assessment of the magnitude of the problem is essential in facilitating long-term intervention policy of governments [1] . [2] and de Arazoza et al. [11] used a linear differential equations model to compute the number of undetected HIV-positives in Cuba using the data for HIV detection from Cuba's contact tracing program. However, only the number of known individuals living with HIV is used in the parameter estimation.
In this work we propose a mathematical model which makes complete use of the information usually available in the standard HIV incidence data, namely, the number of new asymptomatic HIV cases as well as the number of new AIDS cases, either by way of progression to AIDS-defined illness (ADI) of previously known asymptomatic HIV-infected individuals or of persons who,as previous asymptomatic HIV-positives, had not been known to health authorities prior to the onset of ADI. We make this important distinction because the latter group in particular contains valuable information on the true magnitude of underreporting of HIV cases and hence provides a method for more accurate estimation of the parameters in the model. Even in countries without adequate medical systems, the records of AIDS cases detected at onset can usually be found from hospital records. Therefore the procedure we propose is especially suitable for use by health policy makers in resource-poor countries wishing to ascertain the magnitude of an emerging epidemic, and to determine whether there is cause for concern.
The basic model is given in Section 2. In Section 3 the model for low HIV prevalence settings is described along with the procedure for parameter estimation. We will demonstrate how one can compute the number of unknown HIV-positives using HIV data by taking the Taiwan HIV data as an illustrative example. Some parameters are obtained through statistical methods, others are acquired by curve fitting with the HIV census data. In Section 4 we derive the approximate ratio of underreporting, or more precisely, the asymptotic ratio between the number of undetected HIV infections and the number of known HIV infections in low prevalence settings which sheds light on the magnitude of underreporting in the given population. The usefulness of the approximate ratio of underreporting will be illustrated with Cuban and Taiwanese HIV data. Concluding remarks will be given in Section 5.
Z(t) -number of AIDS patients detected at onset of AIDS symptoms.
The important parameters (or yearly rates) are given as follow:
µ -mortality rate of susceptibles, µ -removal (mortality and onset to AIDS) rate of undetected HIV-positives, The model equations of the model are as follow:
This nonlinear model is different from the models proposed by de Arazoza et al. [2, 3] in the use of a different removal rateμ * for known HIV-positives, which accounts for the time from infection to detection as well as the possible amelioration and prolonged progression to AIDS for detected HIV patients undergoing treatment. More recently, a nonlinear model for contact tracing with this consideration has been studied by [10] . Moreover, the assumption on proportionate recruitment of susceptibles in the present model allows us to consider population groups that are varying in size. We also assume the infections caused by detected HIV-positives are negligible compared to those caused by the undetected HIV-positives (also see [2] ). The model is most appropriate for modeling homosexual transmission of HIV.
According CDC-Taiwan, the risk factor for 48.22% of all 5221 cases at the end of 2003 is homosexual/bisexual contact, while heterosexual contact accounts for another 39.84%.
Hence the proposed HIV model is appropriately chosen. Finally we do not consider migration since in many low-prevalence countries such as Taiwan and Cuba, lack of massive migration is one of the reasons for the absence of sizable infections in the population.
Model for Low HIV Prevalence Settings
Now we will consider the model in low HIV prevalence settings. When the population in question is at low HIV prevalence,
We then have the following system of linear differential equations, with denoting derivative:
The first equality intuitively assumes recruitment of susceptible population is greater than the mortality.μ − µ andμ * − µ are the respective progression rates of known and unknown asymptomatic HIV-positives to ADI, hence removal rate minus the mortality rate which equals progression rate is positive. Finally, we assume the unknown HIV-infected population is increasing at the low-prevalence stage of an epidemic, hence the last inequality holds. The assumption is reasonable either for the early (low-prevalence) stages of an emerging epidemic, or for a slowly growing epidemic like HIV in Taiwan and Cuba.
There are two more variables which do not appear in the dynamics of our model, but will prove useful later. One is P (t) -the accumulated number of detected asymptomatic HIV-positives at time t, the other is M (t) -the accumulated number of AIDS cases detected at onset of ADI. The equations for these variables are:
Note that P (t) + M (t) equals the accumulated number of detected HIV cases at time t. The analytic solutions of linear system (2) can be easily obtained and are given below:
where
, and M 0 = M (0) are the initial numbers of the respective groups.
Parameter Estimation
Computing the values for X(t) in a given population at a given time t is the focus of our investigation. Data for all other variables can be obtained from official government HIV data.
The data of 2969 HIV-positive Taiwanese citizens detected from 1984 to the end of 2000 was obtained from the HIV databank of Center for Disease Control (CDC) of Taiwan (Table 1 ).
For example, P i is the accumulated number of detected asymptomatic HIV-positives at the end of year i. We will set t = 0 to be 1993 in our model, since the data for Z i and W i before 1993 are small and exhibit large fluctuations which might induce unnecessary errors in our parameter estimation. Therefore P 0 = 457, the real data value for accumulated number of detected asymptomatic HIV-positives at the end of year 1993, is the true value for P (0).
The other 4 sets of data, Y i , M i , Z i , and W i follow similarly.
The data for P i is accurate by the nature of its definition, that is, the numbers of detection are exact. The data for Y i would be accurate, as long as the removal out of this class is limited to natural mortality and progression to AIDS-defined illness (ADI).
However, the data shows that the mortality of persons living with HIV in Taiwan has a conspicuously larger mortality rate (by car incidents, suicide, etc.) than others in their age group. Nevertheless, it is impossible to determine quantitatively if and how much their HIV-seropositive status contributes to this discrepancy. Therefore we conclude that some inaccuracy exists in the data Y i . W i is related to Y i hence also contains some inaccuracy. In order to make as accurate an estimate as possible, we make use of P i and M i for our estimation of the theoretical parameter k which is needed in our theoretical estimation of X(t). From the differential equations for P (t) and M (t), we have
From the data for P i and M i for t = 0 to 7 (i.e. the years 1993-2000), we compute ∆P i and ∆M i by central difference at time i, i.e., ∆P i = (P i+1 − P i−1 )/2 and ∆M i = (M i+1 − M i−1 )/2. Furthermore, we let ∆P i /∆M i be the approximation to P (t)/M (t) for t = 1 to 6.
Using the known values of µ andμ we obtain the average value of k i (k i = (μ − µ)∆P i /∆M i ) over the time t = 1 to 6, k avg = 0.283, as our estimate for the detection rate k. Next we make use of the formula for P (t) given earlier along with the real data P i for i = 0 to 7 (year 1993 to 2000) to perform the least-square minimization for the estimated values of kX 0 and λ − k −μ. From this procedure we get kX 0 = 126.1 and λ − k −μ = 0.199. Subsequently we obtain an estimate for the initial number of unknown HIV-positives X 0 = 446 in year 1993, and the estimated infection rate is λ = 0.571.
The Theoretical Number of Unreported HIV-Positives
With our estimated parameters, we proceed to compute the theoretical values of Y (t), P (t), and M (t) for t = 0 to 7 so we can compare with the real data values. The results are given in Figs. 2A-C. The theoretical numbers for P (t) and M (t) agree very well with the respective real data P i and M i , since the estimation of the parameters are geared toward optimization using P i and M i . The estimate for Y (t) agrees less well with Y i , probably due to underestimation caused by detected deaths of persons living with HIV attributable to suicide and traffic accidents which may or may not be related to their HIV seropositive status.
The main objective of this work is to estimate the number of undetected HIV-positives X(t). For this purpose we can compute the theoretical number of X(t) from the equation for X(t) using the estimated values of X 0 , λ,μ and k. The result, along with the theoretical and actual numbers of accumulated known HIV cases P (t) + M (t) for t = 0 to 9 (or 1993 to 2002), is given in Table 2 In other words, the method enables us to predict the number of new HIV cases for the next two years two years within 5% accuracy.
The Ratio of Underreporting
In this section, we will compute the approximate ratio of underreporting, or the approximate ratio of the number of living undetected HIV-positives to the number of known HIV-positives.
The ratio of underreporting allows us to gain insights into the magnitude of the spread of disease in low-prevalence settings, either in the early stages of an emerging epidemic or in low prevalence communities.
The ratio of the number of living undetected HIV-positives to the number of known living HIV-positives at time t is as follows:
where r 0 = X 0 /Y 0 is the initial ratio of the number of living undetected HIV-positives to the number of known HIV-positives at time t = 0 and the limiting ratio
is defined to be the approximate ratio of underreporting.
If λ − k +μ * −μ is nonpositive, all variables in the model except N (t) will go to zero and there is no epidemic. On the other hand, if λ − k +μ * −μ > 0, we have
Clearly, if the relevant parameters remain mostly unchanged over the time of the data set, then the ratio of the number of living undetected HIV-positives to the number of known living HIV-positives approaches r * in time, hence the term "approximate ratio of underreporting".
Note that when (λ−k+μ * −μ)t is sufficiently large for a specific time t, X(t) Y (t) ≈ r * . That is, r * gives an approximation to the magnitude of underreporting within that population at that time t. The expression for r * is very intuitive. First, if r * is negative than the removal from the unknown HIV-infective class (either by detection k or death and progression to AIDSμ) is so fast that there is no underreporting. Moreover,μ * −μ gives the difference in removal rates of the known HIV-positives and undetected HIV-positives due to progression of the disease while λ − k measures the rate of change of the undetected HIV-positives disregarding such removal. If either (i)μ * is decreased (i.e. longer time from diagnosis to AIDS) due to early detection or treatment of known HIV patients, or (ii) the rate of infection λ is decreased, or (iii) detection k is increased, the resulting approximate ratio of underreporting will be smaller (i.e. less underreporting of HIV cases). Note that an increase in k produces the most dramatic effect, as it also appears in the denominator of r * . Hence intensive detection strategy is the most effective way to combat underreporting when the HIV prevalence is low or at the early stages of the epidemic.
To illustrate the usefulness of the result we will use the examples of Cuba and Taiwan positives X(t) in Cuba were computed for 1987 to 1999 using the model in [2] . In Fig. 3A we give the plot of the approximate ratio of underreporting along with X(t)/Y i computed from 1991 to 1999, i.e. t = 4 to 12. The result shows good agreement with r * for t > 10.
Note that due to its extensive contact tracing program, the HIV detection rate in Cuba is very high (k = 0.4554) and subsequently the HIV prevalence has remained low [8, 9] . Hence a large t is needed for (λ − k +μ * −μ)t to be sufficiently large. Consider a hypothetical society at early stages of a growing HIV epidemic. Suppose its HIV detection is only half as effective as that of Cuba. With everything else (λ,μ * ,μ) being the same, it would require only 4 or 5 years of HIV data to obtain a reasonable approximate ratio of underreporting.
To further illustrate, we return to the example of Taiwan. From the estimates of the parameters in Section 3, we have r * = 1.018. We also compute X(t)/Y i by using the theoretical numbers X(t) and the real data Y i . The results for t=0 to 9, or 1993 to 2000 are plotted in Fig. 3B , and agree well with the approximate ratio of underreporting. One intuitively plausible reason is that the low detection rate in Taiwan yields quick convergence to the approximate ratio of underreporting. [12] . A model which considers the effect of HAART on the accuracy of the estimation is a worthwhile subject for future study.
5. The convergence of the ratio to the approximate ratio of underreporting takes eight or more years in the case of Cuba, mainly due to the low underreporting of HIV cases. This is due, at least in part, to the intense Partner Notification Program which vigorously tracks and screens the contacts of detected HIV-positive individuals.
6. In the case of Taiwan, the higher underreporting (i.e. lower detection rate) leads to a quick convergence to the approximate ratio of underreporting. Note also that the authors wish to thank the anonymous reviewer for constructive comments. 
